In the first time, a simulation model with considering the recording dynamics of material is built and is used to simulate evolution of the grating strength of the recorded hologram in a coaxial volume holographic memory system. In addition, phase modulation by lens array in the reference is introduced and observed to perform better diffracted signal quality and higher shifting selectivity, in both simulation and experiment. The use of lens array is found to provide multiple advantages in volume holographic memory system. The new simulation model potentially can be used to precisely design the system to obtain higher diffracted signal quality, higher shifting selectivity, and reduction of M# consumption and increase of storage capacity.
Introduction
Volume holographic memory (VHM) has been extensively studied for its potential in data storage for the advantages including high storage density, high access rate, multiple multiplexing schemes, long life and energy saving [1] [2] [3] [4] [5] [6] [7] [8] . The advantage of multiplexing scheme allows multiple storage pages recorded at the same location of the holographic medium [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . The intrinsic characteristic of the recording medium in holographic data storage is that the refractive index change corresponding to holographic exposure fringe is large enough to offer the diffracted signal i test n acceptable signal-to-noise ratio (SNR). Accordingly, a so-called M-number (M#) is useful to indicate the storage capacity, which depends on refractive index change and the thickness of the recording medium. M# is related to the diffraction efficiency (η) of each stored hologram when N holograms are multiplexed in the same volume [21, 22] (2) where Δn e is the corresponding refractive index change for each elementary hologram, and L is the effective length of the hologram. From Eq. (2), M# is proportional to the product of number of hologram stored in the medium with the minimum refractive index change in each elementary hologram, and it is equivalent the potentially largest refractive index change of the recording medium. When the recording medium performs larger refractive index change and larger thickness, the M# is larger. It means that more holograms with sufficient diffraction efficiency can be stored in the medium. Once the geometry and medium of holographic disc is determined, the M# is determined. Then a very important issue is how to reduce consumption of M# in designing a VHM system [23] [24] [25] . Although there are studies discussing proper ways to utilize the given M# and enlarge the number of the stored hologram, the optimized condition depends on the detailed design of the VHM system. One of general approaches is to improve the mixing uniformity of the signal and the reference inside the recording material. For example, Polytopic architecture is proposed to eliminate the inter-page cross-talk and block the signal noise [9] . For this architecture, phase spatial light modulator is used to remove the strong peak at the focus [26] . However, the reference beam exposures some regions without signal beam and causes extra M# consumption [23] . Coaxial VHM system uses high-spatial-frequency phase modulation or phase encoded methods to remove the strong peak at the focus [27] [28] [29] [30] . However, the reference beam and the signal beam is separated before they reach the focal plane of the objective lens [31] . Since the mixing ratio gets worse with shorter objective focal-length or with thicker recording material, the system storage capacity is limited. Even saving M# is an important issue; however, there is lack of an efficient study in analyzing the diffracted signal with considering the material reaction. Since the mathematical model of both recording material and optical system have been reported in many literatures, the mathematical link between recording material and the optical system is highly demanded [32] [33] [34] [35] [36] [37] [38] [39] [40] . In this paper, we first build up a precise calculation model incorporating the material function to predict diffracted image and also to check M# consumption. Then a new encoded way for the coaxial VHM system is proposed and analyzed for its diffracted image quality with respect to the material function.
Theoretical model
The holographic recording disc in a coaxial VHM system is located at the back focal plane of the first objective lens (Obj 1 ). The signal (S) and the reference (R) are both encoded at the same spatial light modulator (SLM), but the reference is a ring structure surrounding the signal. The signal and the reference interferes at the focal plane of the objective lens, and the interference pattern is recorded by the holographic medium with refractive index change in correspondence. The reading (probing) beam is encoded with the same pattern as the reference while there is no signal in the readout process. Figure 1 shows the typical simplified optical model of a coaxial VHM system [36, 38] . The optical fields of the signal, reference and the reading beam in the disc can be written respectively
where ℑ is the Fourier transform operator; λ is the optical wavelength; f is the focal length of the objective lenses; k is the wave number; and Δz is the distance deviated from the focal plane of the objective lens along z axis. At the SLM plane, U R , U S and U P are the electrical field of the reference, signal and reading beams, respectively. To simplify the calculation model, each elementary hologram in the medium can be regarded as an elementary unit performing a complex amplitude transmittance 2 .
However, such an assumption does not take the material response of the recording medium in consideration, and the grating strength as well as M# consumption is not well monitored. An alternative equation with recording dynamics of material (RDM) is expressed
where RDM is the measured diffraction efficiency as a function of exposure energy of PQ/PMMA as shown in Fig. 2 [41] [42] [43] . Here, the hologram was recorded by using two plane waves with s-polarization from a solid state laser with wavelength of 532 nm. The angle between two plane waves is 30 degree. The intensity of each wave is 50 mW/cm 2 . We monitored the diffraction efficiency of the hologram during recording by a weak 632-nm beam from a He-Ne laser. As mentioned in Ref [42] , the PQ:PMMA materials have reasonably wide spatial-frequency response, the curve shown in Fig. 2 can also represent the material response for other recording angles from 10 to 50 degrees. In addition, with the physical mechanism of holographic recording in PQ/PMMA proposed in Ref [43] , that the recording dynamics is mainly conducted by competition of two out of phase gratings, it is reasonable to model the experimental curve in Fig. 2 as the following formula, ( )
and ( )
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where η is diffraction efficiency of hologram, λ is wavelength, T is thickness of recording material, Δn is the refractive index change of the hologram, E is exposure energy density. The dynamics of Δn can be written as Eq. (9), in which A 1 and A 2 are saturated grating amplitude of two gratings, respectively. E τ1 and E τ2 are growth time constants of two gratings during recording. These four parameters can be extracted by curve fitting and the mathematical formula of Eq. (8) can be used in the simulation. Equation (7) connects the diffraction efficiency and the exposure energy which is a consuming factor of M#. Then the strength of each grating can be monitored and the consumption of M# becomes clearer. Based on Eq. (7), the diffracted light can be expressed
The diffracted light being propagated to the back plane of the second objective lens (Obj 2 ) is written
Passing through the second objective lens, the optical field of the diffracted light is written
The diffracted light by the elementary hologram on each single layer of the recording medium is expressed
( ) ( )
Through the readout process, the holographic disc is rotated and then the diffracted light moves laterally, e.g., a, b, with respect to the CMOS image sensor (CMOS IS), and then the optical field is expressed 
In comparison with previous calculation models, Eq. (16) provides a different insight in calculating diffraction efficiency with considering RDM of the exposure. Without the material function, we cannot monitor each grating strength and know the consumption of M#.
Simulation of coaxial VHM system improved by lens-array modulation
The experiment was designed with coaxial VHM system as shown in Fig. 3 , where the reference and the signal are modulated by the SLM. The reflected light is relayed and focused at the back focal plane of the objective lens, which is at the reflecting plane of the recording medium. In a general approach, the reference is a ring structure. Then a strong focus spot can be found in the recording plane. The focus spot forms a sharp irradiance distribution across the recording medium, and the reference and the signal only mixes to each other near the reflecting plane. When the recording layer leaves from the reflecting plane, the reference and the signal separate dramatically. Therefore, the grating strength varies across the volume of the recording medium and only a few recording materials are utilized. To improve the mixing uniformity and mixing ratio, several approaches were proposed, including binary random phase encoding [29] and lens array modulation [27] . Both the approaches encode the reference with additional phase in high spatial frequency. The latter is reported to perform better image quality in the readout signal. In this paper, the study will focus on the lens array phase modulation. A 532-nm continuous-wave laser (Verdi-V5, Coherent Inc.) is used as the light source. In contrast to the pervious design, the lens array plate (Edmund Optics, microlenses array; 10 × 10mm in size; 500µm in pitch) is imaged to the SLM (Jasper Display JD8554SDK; 1920 × 1080 pixels; 6.4-μm pixel size) plane, so that the phase modulated by the lens array covering the whole SLM. Each effective pixel of the input encoded signal uses 4 × 4 SLM pixels, and 3:16 sparse code is applied to the encoded image. The focal length of L1, L2, L3, L4, and L5 are 90mm, 105mm, 200mm, 180mm, and 200mm. The focal length and numerical aperture of the objective lens is 4mm and 0.75, respectively. The readout signal is detected by the CMOS image sensor (IDS UI306xCP-M; 1936 × 1216 pixels; 5.86-μm pixel size). The thickness of the disk is 0.5mm. In this paper, MATLAB is the software platform used for the simulations. Figure 4 shows a simulation of the readout signal for the cases without and with lens array modulation when the material function is not considered. The case in lens array modulation is much better than that without phase modulation because the Bragg-degeneration from neighboring reference-pixels is suppressed. It leads to better point spread function, and thus contributes to better image quality [36, 38] . However, such a simulation does not reflect the fact that grating strength is a function of exposure energy. If the material repose function is considered, as in Eq. (16), we can simulate the diffracted signal for different exposure time, as shown in Fig. 5 . We applied the RDM of the PQ/PMMA, as shown in Fig. 1 . The recording power and the reading power is 1.81mW and 1.20mW, respectively. For the case without lens-array, there exists an optimized exposure time (1s in Fig. 5 ) to perform better signal quality. In that condition, some of the gratings are over exposure and the diffracted signal becomes weaker from the maximum, and some of them are in insufficient exposure energy, so that the overall image quality becomes fair. However, it is a waste of M# due to over exposure. In contrast, in the case of lens array modulation, the strength in all grating segments are similar. Then the required image quality can be obtained under minimum energy consumption. The control of exposure time balances the image quality and M# consumption. This is the important role of material function in the simulation model. Figure 5 shows the experiment results comparing with the simulation result. The parameters of the experiment and the simulation are exactly the same. It shows both the simulation can predict the experimental result well. When recording exposure-time is equal to 3 sec., both lens-arrays show the ability to smooth the over-exposure effect. When recording exposure-time is as large as 60 sec., even the lens array (focal-length = 46.7mm) is applied, the recording medium contributing to central part of diffracted signal is still saturate. Only the lens array (focallength = 13.8mm) can suppress the over-exposure effect. However, the shorter focal length, the more critical to align the lens array. In this paper, we choose 13.8mm as the shortest focal length in this study. 
Shifting selectivity
The use of lens array has multiple benefits in a coaxial VHM system. Figure 5&6 shows the benefit in uniform spread of grating strength to obtain better image quality of the readout signal and also minimum illumination energy can be made in considering M# consumption.
Another benefit is that uniform spread of the signal and reference beams across the volume of the recording medium leads to high mixing ratio and high mixing uniformity, and will make the geometry of each recorded elementary hologram thicker. Then the shifting selectivity becomes higher. In contrast, in the case without lens-array, the recorded hologram gets different strength at different location for different exposure time. The geometry of the elementary hologram is equivalently thinner, so that lower shifting selectivity is performed. The result decreases the recording capacity of the recording medium. Figures 7&8 show a comparison of the readout signals in two cases in simulation and experiment when the holographic disc is laterally shifted. Both of the simulation and experiment show that lensarray modulation performs higher selectivity than the general ring reference does. The simulation with Eq. (15) and the corresponding experiment show that the lens array modulation is an effective way to enhance grating uniformity, easy to obtain optimal exposure time, and to perform higher shifting selectivity. Then to know the effect of the lens parameter is important to optimize the performance of the lens array. The focal length of the lens array is the key parameter because it affects the uniformity of the grating strength in both the lateral and longitudinal directions. Figure 9 shows a comparison of the normalized diffraction signal intensity vs. lateral displacement in the readout process. The blue line indicates the simulation result, and the red and green lines indicate two times of measurement with the same experimental condition to ensure validity of the simulation. With no doubt, the case with lens array modulation is better than which without lens array modulation. We also can find that the focal length of the lens array is also important. The focal length of 13.8mm performs higher shifting selectivity than that of 46.7mm. The lens in higher NA effectively mixes the signal and reference across the recording volume of the medium. In contrast, without lens array, it cannot effectively mix the reference and signal laterally and longitudinally. Thus M# is greatly wasted. This phenomena is more obvious when the recording medium is thicker. Figure 10 shows a comparison among the three VHM systems for different thickness (0.5mm and 1mm) of the holographic recording medium. In the general ring reference, the reference light always mixes the outer part of the signal. The condition becomes worse when the disc is thicker. The lens array modulation dramatically improves quality of the diffracted signal, and the lens with higher NA performs better diffracted signal. 
Conclusion
The exposure response of a holographic recording medium is a key factor in designing a VHM system. Generally, M# is an indication of RDM and how to reduce waste of M# becomes important. In an un-optimized coaxial VHM system, worse mixing uniformity and mixing ratio cause waste of M#. This condition, however, cannot be simulated if RDM is not considered. In this paper, we first modify the previous model with the aid of RDM in the new simulation equation. Then we apply two kinds of lens array with different focal lengths to perform better diffracted signal, and also to save the M#. `
The simulation first shows the evolution of the grating strength by evaluating the cases without lens array and the case with lens array. The former performs large variation in the diffracted signal quality, and the latter performs high quality of the diffracted signal. Besides, the simulation is also applicable to select the proper exposure time and to save the M#. It ensures the required image quality can be obtained under minimum energy consumption.
Owing to improved mixing ratio and mixing uniformity across the recording medium, the effective record volume in which with lens array is larger than which without lens array. The result is that higher shifting selectivity is performed, as shown in simulation and the corresponding experimental result. When we enlarge the NA of the lens-array by shortening the focal length to 13.8mm, higher shifting selectivity and higher diffracted signal quality in a thicker recording medium can be observed. The use of lens array reference is shown to perform multiple advantages in the coaxial VHM system. The new simulation model effectively predicts the behaviors and can be used to optimize the design of the system by considering the diffracted signal quality and M# consumption.
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